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Abstract. We consider phaseless inverse scattering for the Schrodinger equation with
compactly supported potential in dimension d  2. We give explicit formulas for solving
this problem from appropriate data at high energies. As a corollary, we give also a global
uniqueness result for this problem with appropriate data on a xed energy neighborhood.
1. Introduction
We consider the Schrodinger equation
  + v(x) = E ; x 2 Rd; d  2; E > 0; (1:1)
where
v 2 L1(Rd); supp v  D;
D is an open bounded domain in Rd:
(1:2)
For equation (1.1) we consider the classical scattering solutions  + =  +(x; k), x 2 Rd,
k 2 Rd, k2 = E, specied by the following asymptotics as jxj ! 1:









c(d; jkj) =  i( 2i)(d 1)=2jkj(d 3)=2;
(1:3)
for some a priori unknown f . In addition, the function f = f(k; l), k; l 2 Rd, k2 = l2 = E,
arising in (1.3) is the classical scattering amplitude for equation (1.1).
In order to nd  + and f from v one can use, in particular, the Lippmann-Schwinger
integral equation
 +(x; k) = eikx +
Z
D
G+(x  y; k)v(y) +(y; k)dy;




2   k2   i0 ;
(1:4)
and the formula
f(k; l) = (2) d
Z
D
e ilyv(y) +(y; k)dy; (1:5)
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where x; k; l 2 Rd, k2 = l2 = E > 0; see e.g. [BS], [F2].
The scattering amplitude f for equation (1.1) at xed E is dened on
ME = fk 2 Rd; l 2 Rd : k2 = l2 = Eg; E > 0: (1:6)
























Br = fp 2 Rd : jpj < rg; Br = fp 2 Rd : jpj  rg; r > 0; (1:8)
where  is a piecewise continuous vector-function on Rd such that
j(p)j = 1; (p)p = 0; p 2 Rd: (1:9)
One can see that
 E ME ; dim E = d; dimME = 2d  2; E > 0; d  2: (1:10)
Let
M = [E2ME ;   = [E2 E ; (1:11)
where   R+ =]0;+1[.
We start with the following inverse scattering problems for equation (1.1) under as-
sumptions (1.2):
Problem 1.1. Reconstruct potential v on Rd from its scattering amplitude f on some
appropriate M0 MR+ .
Problem 1.2. Reconstruct potential v on Rd from its phaseless scattering data jf j2
on some appropriate M0 MR+ .
Note that in quantum mechanical scattering experiments (in framework of model
described by equation (1.1)) the phaseless scattering data jf j2 can be measured directly,
whereas the complete scattering amplitude f is not accessible for direct measurements.
Therefore, Problem 1.2 is of particular interest from applied point of view in the framework
of quantum mechanical inverse scattering. However, in the literature much more results are
given on Problem 1.1 (see [ABR],[B], [BAR], [ChS], [EW], [E], [ER], [F1], [F2], [G], [HH],
[HN], [I], [IN], [Me], [Mo], [Ne], [N1]-[N7], [R], [S], [VW], [WY] and references therein)
than on Problem 1.2 (see chapter X of [ChS] and recent works [K1], [K2] and references
therein, where in [K1], [K2] some similar problem is considered).
In particular, for Problem 1.1 it is well known that the scattering amplitude f at high
energies uniquely determines v via the formulas




eipxv(x)dx; p 2 Rd; (1:13)
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see, for example, [F1], [N7].
On the other hand, for Problem 1.2 it is well known that the phaseless scattering data
jf j2 on MR+ do not determine v uniquely, in general. In particular, we have that
fy(k; l) = e
i(k l)yf(k; l);
jfy(k; l)j2 = jf(k; l)j2; (k; l) 2MR+ ; y 2 R
d;
(1:14)
where f is the scattering amplitude for v and fy is the scattering amplitude for vy, where
vy(x) = v(x  y); x 2 Rd; y 2 Rd; (1:15)
see, for example, Lemma 1 of [N6].
In the present work, in view of the aforementioned nonuniqueness for Problem 1.2 we
modify this problem into Problem 1.3 formulated below. Let
S = fjf j2; jfj j2; j = 1; : : : ; ng; (1:16)
where f is the initial scattering amplitude for v satisfying (1.2) and fj is the scattering
amplitude for
vj = v + wj ; j = 1; : : : ; n; (1:17)
where w1; : : : ; wn are additional a priori known background scatterers such that
wj 2 L1(Rd); suppwj  
j ;

j is an open bounded domain in Rd; 
j \D = ;;
(1:18a)
wj 6= 0; wj1 6= wj2 for j1 6= j2 in L1(Rd);
j; j1; j2 2 f1; : : : ; ng:
(1:18b)
Problem 1.3. Reconstruct potential v on Rd from the phaseless scattering data S on
some appropriateM0 MR+ and for some appropriate background scatterers w1; : : : ; wn.
Note also that Problems 1.1, 1.2, 1.3 can be considered as examples of ill-posed prob-
lems; see [LRS] for an introduction to this theory.
Problem 1.3 in dimension d = 1 was, actually, considered in [AS] for n = 1. However,
to our knowledge, Problem 1.3 in dimension d  2 was not yet considered in the literature
before the present work.
Results of the present work can be summarized as follows.
First, we give explicit formulas for solving Problem 1.3 in dimension d  2 for n = 2
and M0 =   dened by (1.7), (1.11) for any unbounded   R+; see Theorem 2.1,
Remark 3.1 and Corollary 2.1 of Section 2. As an example of  for this result one can take
 = [E0;+1[; E0 > 0, or just  of Remark 2.1.
Second, we give a global uniqueness result for Problem 1.3 in dimension d  2 for
n = 2 andM0 =   for any bounded innite   R+; see Theorem 2.2 of Section 2. As an
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example of  for this result one can take  =]E0   ";E0 + "[; E0 > 0; " > 0; E0   "  0,
or just  of Theorem 2.2.
In addition, we indicate possible extensions of the aforementioned results to the case
n = 1; see Propositions 2.1, 2.2 of Section 2.
The progress of the present work in comparison with the recent works [K1], [K2] in-
cludes explicit formulas for phaseless inverse scattering at high energies and no assumption
that v  0. In addition, in the present work we consider inverse scattering from far eld
phaseless scattering data (and not from near eld phaseless scattering data as in [K1],
[K2]).
The main statements of the present work are presented in detail in the next section.
2. Main statements




eipxu(x)dx; p 2 Rd; (2:1)
where u is a test function on Rd. In particular, we consider u^ = v^, w^j for u = v, wj ,
j = 1; : : : ; n, where v, wj satisfy (1.2), (1.18).
Note that if
uy(x) = u(x  y); x; y 2 Rd; (2:2a)
then
u^y(p) = e
ipyu^(p); p 2 Rd: (2:2b)
We represent v^ and w^j as follows:
v^(p) = jv^(p)j(p); (p) = ei(p);
w^j(p) = jw^j(p)j!j(p); !j(p) = eij(p);
(2:3)
where p 2 Rd, j = 1; : : : ; n.
We consider the following sets:
Ay = fp 2 Rd : e2ipy = 1g; y 2 Rd; (2:4)
Z0 = fp 2 Rd : jv^(p)j = 0g; Zj = fp 2 Rd : jw^j(p)j = 0g; j = 1; : : : ; n; (2:5)
Yj1;j2 = fp 2 Rdn(Zj1 [ Zj2) : (!j1(p))2 = (!j2(p))2g; 1  j1; j2  n; j1 6= j2: (2:6)
We have, in particular, that
Ay is closed and MesAy = 0 in Rd; y 6= 0: (2:7)
Assumptions (1.2) on v imply, in particular, that v^ is (complex-valued) real-analytic
on Rd. Therefore:
Z0 is closed in Rd; MesZ0 = 0 in Rd if v^ 6 0: (2:8)
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Assumptions (1.18) on wj imply, in particular, that w^j is (complex-valued) real-
analytic on Rd and w^j 6 0, j = 1; : : : ; n. Therefore,




j (jx  yj); x 2 Rd; for some w0j ; (2:10)
for some j and some y 2 Rd, then
Zj = fp 2 Rd : jpj 2 Rjg; (2:11)
where Rj is a discrete set in R+ without accumulation points (except +1) and Rj is
independent of y.
In addition, taking into account (2.2), if
wj2(x) = wj1(x  y); x 2 Rd; j2 6= j1; (2:12)
for some j1, j2 and some y 2 Rdnf0g, then
Yj1;j2  Ay: (2:13)
2.2. Results on Problem 1.3 in dimension d  2 for n = 2.
Theorem 2.1. Suppose that complex-valued v satises (1.2), complex-valued wj




jfj(k; l)j2 for each p 2 Rd; j = 0; 1; 2; (2:14)
jjv^j(p)j2   jfj(k; l)j2j  c(Dj)N3j E 1=2;
p = k   l; (k; l) 2ME ; E1=2  (Dj ; Nj); j = 0; 1; 2;
(2:15)
where v0 = v, f0 = f , D0 = D, vj is dened by (1.17) and Dj = D [ 
j for j = 1; 2,
kvjkL1(Dj)  Nj , j = 0; 1; 2, and c,  are dened by (3.10), (3.11). Suppose, in addition,
that w1, w2 satisfy (1.18b) and that
Mes Y1;2 = 0 in Rd; (2:16)








(2jv^jjw^1j) 1(jv^1j2   jv^j2   jw^1j2)






 = (p), jv^j = jv^(p)j, j = j(p), jw^j j = jw^j(p)j, j = 1; 2, p 2 Rdn(Z0 [ Z1 [ Z2 [ Y1;2),
where , 1, 2 are dened in (2.3).
Theorem 2.1 is proved in Section 3.
Remark 2.1. Formulas (2.14), (2.15) of Theorem 2.1 remain valid with  E in place of
ME , where  E is dened by (1.7). In addition, taking into account (2.9), (2.16) these for-
mulas can be considered as explicit formulas for nding v^ on Rd from S = fjf j2; jf1j2; jf2j2g
on   and background w1, w2 for any
 = fEj 2 R+ : j 2 N; Ej !1 as j !1g; (2:18)
where   is dened in (1.11).
Corollary 2.1. Let all assumptions of Theorem 2.1 on v and w1, w2 be fullled.
Let  be dened as in (2.18). Then S = fjf j2; jf1j2; jf2j2g on   and background w1,
w2 uniquely determine v in L
1(Rd) via formulas (2.14), (2.15) and the inverse Fourier
transform.
In addition to results of Theorem 2.1, Remark 2.1 and Corollary 2.1 on the explicit
reconstruction from phaseless scattering data at high energies, we have also the following
global uniqueness result for the case of nite energies:
Theorem 2.2. Let v satisfy (1.2), w1, w2 satisfy (1.18), (2.16), d  2, and v, w1, w2
be real-valued. Let
 = fEj 2 R+ : j 2 N; Ej1 6= Ej2 for j1 6= j2; Ej ! E as j !1g; E > 0: (2:19)
Then S = fjf j2; jf1j2; jf2j2g on   and background w1, w2 uniquely determine v in
L1(Rd).
Theorem 2.2 is proved in Section 4.
2.3. Results for the case n = 1.
Proposition 2.1. If complex-valued v satises (1.2), complex-valued w1 satises
(1.18a), d  2, then formulas (2.14), (2.15) hold for j = 0; 1. If, in addition, w1 6= 0 in
L1(Rd), then
cos(  1) = (2jv^jjw^1j) 1(jv^1j2   jv^j2   jw^1j2);
 = (p); jv^j = jv^(p)j; 1 = 1(p); jw^1j = jw^1(p)j; p 2 Rdn(Z0 [ Z1);
(2:20)
where , 1 are dened in (2.3).
Proposition 2.1 is proved in Section 3.
Proposition 2.2. (A) There are not more than two dierent complex-valued poten-
tials v satisfying (1.2) with given S = fjf j2; jf1j2g on   and background complex-valued
w1 satisfying (1.18a), w1 6= 0 in L1(Rd), where  is dened as in (2.18). (B) There are not
more than two dierent real-valued potentials v satisfying (1.2) with given S = fjf j2; jf1j2g
on   and background real-valued w1 satisfying (1.18a), w1 6= 0 in L1(Rd), where  is
dened as in (2.19).
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Proposition 2.2 is proved in Section 5.
3. Proofs of Proposition 2.1 and Theorem 2.1
3.1. Preliminaries. Let
L1 (R
d) = fu 2 L1(Rd) : kuk < +1g;
kuk = ess sup
x2Rd
(1 + jxj2)=2ju(x)j;   0: (3:1)
Note that
v; wj ; vj 2 L1 (Rd) for each   0; (3:2)
where v, wj , vj , j 2 f1; 2g, are the potentials of Proposition 2.1 and Theorem 2.1.
We recall that
k < x > s G+(k) < x > s k
L2(Rd)!L2(Rd)  a0(d; s)jkj 1;
k 2 Rd; jkj  1; for s > 1=2;
(3:3)
where G+(k) denotes the integral operator with the Schwartz kernel G+(x  y; k) of (1.4),
< x > denotes the multiplication operator by the function (1 + jxj2)1=2; see [E], [J] and
references therein.
We will use the following detailed version of formula (1.12):
jf(k; l)  v^(k   l)j  2(2) da0(d; =2)(c1(d; )kvk)2E 1=2;
(k; l) 2ME ; E1=2  1(d; ; kvk);  > d;
(3:4)








1(d; ;R) = max(2a0(d; =2)R; 1); (3:6)
see formula (2.11) of [N7].
3.2. Proof of formulas (2.14), (2.15). We have that
jv^(k   l)j
(3:1);(3:5)
 (2) dkvk(c1(d; ))2; (3:7)
jjf(k; l)j2   jv^(k   l)j2j = jjf(k; l)j   jv^(k   l)jj(jf(k; l)j+ jv^(k   l)j) 
jf(k; l)  v^(k   l)j(2jv^(k   l)j+ jf(k; l)  v^(k   l)j); (3:8)
where (k; l) 2ME ,  > d. Due to (3.4), (3.7), (3.8), we have that





(k; l) 2 ME , E 1=2  1(d; ; kvk),  > d. Formulas (2.14), (2.15) follow from (3.9) for
v = vj , f = fj and from the possibility of choice of k = kE(p), l = lE(p) as in (1.7) for
d  2. In addition,
c(D) = 6(2) 2da0(d; =2)(c1(d; ))4(c2(d; ))3; (3:10)
(D;N) = 1(d; ; c2(D;)N); (3:11)
for some xed  > d, where
c2(D;) = sup
x2D
(1 + jxj2)=2: (3:12)
3.3. Proof of formula (2.20). We have that
jv^1j2 (1:17)= jv^ + w^1j2 (2:3)= jjv^jei + jw^1jei1 j =
(jv^j cos+ jw^1j cos1)2 + (jv^j sin+ jw^1j sin1)2 =
jv^j2 + jw^1j2 + 2jv^jjw^1j(cos cos1 + sin sin1) on Rd:
(3:13)
Formula (2.20) follows from (3.13).











(2jv^jjw^1j) 1(jv^1j2   jv^j2   jw^1j2)
(2jv^jjw^2j) 1(jv^2j2   jv^j2   jw^2j2)

; (3:14)
on Rdn(Z0 [ Z1 [ Z2).
Formula (2.17) follows from (3.14).
3.5. Final remark. Proposition 2.1 and Theorem 2.1 follow from formulas (2.14),
(2.15), (2.20), (2.17) proved in Subsections 3.2, 3.3, 3.4.
4. Proof of Theorem 2.2
Let
E0;E = f(k; l) 2  E : k   l 2 B2pE0g; 0 < E0  E; (4:1)
where  E , Br are dened by (1.7), (1.8).
Theorem 2.2 follows from:
(1) the formulas of Theorem 2.1 with E;E in place of ME and jpj < 2
p
E,
(2) the fact that v^ on B2pEn(Z1 [Z2 [ Y1;2) uniquely determines v^ on Rd (since v^ is
real-analytic on Rd), and
(3) the results of Lemma 4.1 for v and for v = v + wj , j = 1; 2.
Lemma 4.1. Let v satisfy (1.2) and be real-valued. Then:
(a) jf(kE(p); lE(p))j2 is real-analytic in E 2]p2=4;+1[ for xed p 2 Rd, where kE(p),
lE(p) are dened in (1.7 );
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(b) jf j2 on   uniquely determines jf j2 on E;E for each E  E, where  ,  are
dened in (1.11), (2.19).
Statement (b) of Lemma 4.1 follows from statement (a) of Lemma 4.1 and the property
that the accumulation point E 2]p2=4;+1[ if p 2 B2pE .
In turn, statement (a) of Lemma 4.1 follows from the presentation
jf j2 = f f (4:2)
and from Lemma 4.2.
Lemma 4.2. Let v satisfy (1.2) and be real-valued. Then f(kE(p); lE(p)) admits
holomorphic extension in E to an open N in C, where ]p2=4;+1[ N , at xed p 2 Rd.
Lemma 4.2 follows from:
(1) the integral equation (1.4) for  + on D and the presentation (1.5) for f , where
k = kE(p), l = lE(p);
(2) the property that
G+(x; k) = G+0 (jxj; jkj); x 2 Rd; k 2 Rdnf0g; (4:3)
where G+ is the function of (1.4) and G+0 depends also on d;
(3) the properties that: jkE(p)j = E1=2 for E 2]p2=4;+1[, p 2 Rd; E1=2 is holomorphic
in E 2 Cn]   1; 0]; (E   p2=4)1=2 is holomorphic in E 2 Cn]   1; p2=4]; p 2 Rd;
G+0 (r; ) is holomorphic in  2 C for odd d  3 and in  2 Cn] 1; 0] for even d  2,
where r > 0;
(4) the result that (1.4) with k = kE(p) is a Fredholm integral equation of the second
kind for  +(; k) 2 L2(D) with holomorphic dependence on the parameter
E 2 Cn] 1; p2=4] at xed p 2 Rd;
(5) the result that (1.4) is uniquely solvable for  +(; k) 2 L2(D) for each k 2 Rdnf0g
under our assumptions on v.
In connection with basic properties of function G+ and basic properties of the
Lippmann-Schwinger integral equation (1.4) we refer also to [BS], [F2], [Me].
5. Proof of Proposition 2.2
Proof of part (A). Due to formulas (2.14), (2.15) with  E in place of ME , we have
that S = fjf j2; jf1j2g on   uniquely determine jv^j, jv^1j on Rd. If jv^j  0, then v = 0 in
L1(Rd). Therefore, it remains to consider the case when jv^j 6 0.
Due to (2.8), (2.9), j = 1, and continuity of v^, w^1, we can choose p
0 2 Rd, r0 > 0 such
that
jv^(p)j 6= 0; jw^1(p)j 6= 0 for p 2 Bp0;r0 ; (5:1)
Bp0;r0 = fp 2 Rd : jp  p0j < r0g: (5:2)
Therefore, formula (2.20) for cos(  1) holds for each p 2 Bp0;r0 .
If cos(   1)  1 on Bp0;r0 , then   1 (mod 2) on Bp0;r0 . If cos(   1)   1
on Bp0;r0 , then   1 +  (mod 2) on Bp0;r0 . And in both cases v^ = jv^jei is uniquely
determined on Bp0;r0 by jv^j, jv^1j, w^1 = jw^1jei1 on Bp0;r0 .
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Due to continuity of ei, ei1 on Bp0;r0 we can choose p00 2 Bp0;r0 and r00 2]0; r0[ such
that
 1 < cmin  cos(  1)  cmax < 1 on Bp00;r00 (5:3)
for some xed cmin, cmax. Therefore, due to formula (2.20) for cos(  1) and continuity
of , 1 (mod 2) on Bp00;r00 we have that either
 = 1 + arc cos((2jv^jjw^1j) 1(jv^1j2   jv^j2   jw^1j2)) (5:4a)
or
 = 1   arc cos((2jv^jjw^1j) 1(jv^1j2   jv^j2   jw^1j2)) (5:4b)
(mod 2) on Bp00;r00 , where arc cos takes values in [0; ]. Therefore, there are not more
than two dierent v^ = jv^jei on Bp00;r00 with given jv^j, jv^1j, w^1 = jw^1jei1 on Bp00;r00 . In
turn, v^ on Bp00;r00 uniquely determines v^ on Rd due to real analyticity of v^.
This completes the proof of part (A) of Proposition 2.2.
Proof of part (B). Due to statement (b) of Lemma 4.1 (for v and for v = v + w1),
S = fjf j2; jf1j2g on   uniquely determine S on E;E . Due to formulas (2.14), (2.15)
with E;E in place ofME and jpj < 2
p
E, we have that S on E;E uniquely determine
jv^j, jv^1j on B2pE .
Then in a completely similar way with the proof of part (A) of Proposition 2.2 we
obtain that there are not more than two dierent v^ on B2pE with given jv^j, jv^1j, w^1 onB2pE .
Finally, v^ on B2pE uniquely determines v^ on Rd due to real analyticity of v^.
This completes the proof of part (B).
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